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PARABOLIC BUNDLES, PRODUCTS OF CONJUGACY CLASSES,
AND GROMOV-WITTEN INVARIANTS
C. TELEMAN AND C. WOODWARD
Abstract. The set of conjugacy classes appearing in a product of conjugacy classes
in a compact, 1-connected Lie group K can be identified with a convex polytope in
the Weyl alcove [37]. In this paper we identify linear inequalities defining this poly-
tope. Each inequality corresponds to a non-vanishing Gromov-Witten invariant for a
generalized flag variety G/P , where G is the complexification of K and P is a maximal
parabolic subgroup. This generalizes the results for SU(n) of Agnihotri and the sec-
ond author [1] and Belkale [7] on the eigenvalues of a product of unitary matrices and
quantum cohomology of Grassmannians.
1. Introduction
An old problem which goes back to Weyl is to determine the possible eigenvalues of
a sum of traceless Hermitian matrices. According to a result of Klyachko [32], see also
[7, 34], there is a finite set of homogeneous linear inequalities on the eigenvalues, each
of which corresponds to a non-vanishing structure coefficient in the Schubert calculus
of a Grassmannian. The same inequalities turn out to determine the non-vanishing of
the Littlewood-Richardson numbers [33]. Berenstein-Sjamaar [8] and Leeb-Millson [38]
generalize this result to arbitrary type as follows. Let k be the Lie algebra of K, and T
a maximal torus with Lie algebra t. The set of coadjoint orbits in k∗ is parametrized by
a Weyl chamber t∗+ in the fixed point set t
∗ of the action of T on k∗. For any µ ∈ t∗+, we
denote by Oµ the corresponding coadjoint orbit Oµ = K · µ. For any µ1, . . . , µb−1 ∈ t
∗
+
the sum
Oµ1 + . . .+Oµb−1 =
⋃
µb
Oµb
for some set of µb in t
∗
+. Which µb’s occur is determined by a finite number of linear
inequalities, each of which corresponds to a non-vanishing structure coefficient in the
Schubert calculus for G/P . There are similar results for other symmetric spaces.
Biswas [11], Agnihotri-Woodward [1] and Belkale [7] generalize Klyachko’s result to
eigenvalues of products of special unitary matrices. For any special unitary matrix the
logarithms λ1, . . . , λr of the eigenvalues may be chosen so that
λ1 + . . .+ λr = 0, λ1 ≥ λ2 ≥ . . . ≥ λr ≥ λr − 2π.
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There are a finite set of linear inequalities on the λi’s for a product, each of which
corresponds to a non-vanishing structure coefficient of the quantum Schubert calculus of
a Grassmannian.
In this paper we solve the multiplicative problem for arbitrary type; this includes as
a special case some of the results of Berenstein-Sjamaar and Leeb-Millson. Let α0 ∈ t
∗
denote the highest root. The set of conjugacy classes in K is parametrized by the Weyl
alcove
(1) A = {ξ ∈ t+, α0(ξ) ≤ 1}.
For any µ ∈ A, we denote by Cµ the conjugacy class of exp(µ). For µ1, . . . , µb−1, the
product Cµ1 · Cµ2 . . . · Cµb−1 is invariant under conjugation; we wish to identify which
conjugacy classes Cµb appear in
Cµ1 · Cµ2 . . . · Cµb−1 =
⋃
µb
Cµb .
More symmetrically, define
∆b = {(µ1, . . . , µb) ∈ A
b | Cµ1 · . . . · Cµb ∋ e}
where e is the group unit. By [37, Corollary 4.13], ∆b is a convex polytope of maximal
dimension in Ab. We wish to find the defining inequalities for ∆b.
The polytope ∆b can also be described as the possible holonomies of flat K-bundles
on the punctured two-sphere. Let x1, . . . , xb be distinct points on an oriented surface X .
For any markings µ1, . . . , µb there exists a symplectic stratified space RK(X ;µ1, . . . , µb)
whose points are the isomorphism classes of flat K-bundles on X\{x1, . . . , xb} with
holonomy around xi in Cµi . Equivalently, RK(X ;µ1, . . . , µb) is the moduli space of
representations of the fundamental group mapping a small loop around xi to Cµi . In the
case X has positive genus RK(X ;µ1, . . . , µb) is always non-empty. In the genus zero case
we have
∆b = {(µ1, . . . , µb), RK(X ;µ1, . . . , µb) 6= ∅}.
A final interpretation of the problem involves the space of conformal blocks, or equiv-
alently, fusion products of representations of affine Lie algebras. Fix a complex structure
onX . The spaceRK(X ;µ1, . . . , µb) may be identified with the moduli space of semistable
parabolic bundles on X , by a theorem of Mehta-Seshadri [36], Bhosle-Ramanathan [9],
and the discussion in Section 4. Let
tQ = Λ
∗ ⊗Z Q
be the set of rational points in the Cartan, and suppose (µ1, . . . , µb) ∈ tQ. Then there
exists n ∈ N such that nµi are all dominant weights. The basic line bundle over
RK(X ;µ1, . . . , µb) determines a projective embedding with Hilbert polynomial given
by the dimension of the space of genus zero conformal blocks H(X ; knµ1, . . . , knµb; k)
at level k with markings knµ1, . . . , knµb [41],[35],[51, Section 8]. Thus
∆b ∩ tQ = {(µ1, . . . , µb), ∃k such that H(X ; knµ1, . . . , knµb; k) 6= {0}}.
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Our description of the inequalities for ∆b involves the small quantum cohomology
QH∗(G/P ), a deformation of the ordinary cohomology ring defined by including contri-
butions from higher degree rational curves in G/P . For simplicity, we discuss only the
case that P is maximal. Recall that the Schubert basis for H∗(G/P ) is given by the
classes of closures of orbits of a Borel subgroup on G/P . Let B be the standard Borel
subgroup whose Lie algebra contains the positive root spaces. Let P ⊂ G denote a par-
abolic subgroup, corresponding to a subset ΠP of the simple roots Π. Let WP ⊂W the
subgroup of W generated by simple reflections for roots α ∈ ΠP . For any w ∈ W/WP ,
the Schubert variety
Yw = BwP/P ⊂ G/P
is a normal subvariety of G/P . The homology classes [Yw] form a basis for the homology
H∗(G/P ); in this paper we use rational coefficients. Let wo ∈ W be the long element
in the Weyl group. The class of Y w := Ywow is Poincare´ dual to [Yw]. Its degree is
deg[Y w] = 2lP (w), where lP (w) is the minimal length of a representative of w in W .
Now let q be a formal variable. As a Q[q]-module QH∗(G/P ) is freely generated by
H∗(G/P ). Fix X = P1 and choose distinct points x1, . . . , xb ∈ X . For any holomorphic
map ϕ : X → G/P the degree of ϕ is
deg(ϕ) := ϕ∗[X ] ∈ H2(G/P ) ∼= Z.
Let giYwi, i = 1, . . . , b be general translates of the Schubert varieties Ywi. Let nd(w1, . . . , wb)
be the number of holomorphic maps ϕ : X → G/P of degree d such that ϕ(xi) ∈ giYwi,
if this number is finite, and zero otherwise. Define
[Yw1] ⋆ . . . ⋆ [Ywb−1] =
∑
d∈N, wb∈W/WP
nd(w1, . . . , wb)q
d[Y wb].
The resulting product is commutative, associative, and independent of the choice of
x1, . . . , xb and general g1, . . . , gb [21, 22]. These Gromov-Witten invariants of G/P (as
opposed to the invariants that appear in the large quantum cohomology) are computable
in practice using formulas of D. Peterson [42], whose proofs are given in [22] and [54].
An example, for the case G2, is given at the end of the paper.
For any maximal parabolic subgroup P , let ωP denote the fundamental weight that is
invariant under WP . Our main result is
Theorem 1.1. The polytope ∆b is the set of points (µ1, . . . , µb) ∈ A
b satisfying
b∑
i=1
(wiωP , µi) ≤ d
for all maximal parabolic subgroups P ⊂ G and all w1, . . . , wb ∈ W/WP and non-negative
integers d such that the Gromov-Witten invariant nd(w1, . . . , wb) = 1.
A connection between this problem and the Hofer metric on symplectomorphism
groups is discussed by Entov [19].
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There are several remaining open questions. We do not know which inequalities are
independent. Also, the quantum generalization of the saturation conjecture [33]: are
the inequalities necessary and sufficient conditions for the non-vanishing of the fusion
coefficients, at least in the simply laced case? There are similar polytopes for products of
conjugacy classes in disconnected groups. These might be related to the twisted quantum
cohomology (Floer cohomology for symplectomorphisms not isotopic to the identity.)
1.1. Index of notation.
K,G simple 1-connected compact group, resp. complexification p. 1
T, t maximal torus, resp. Cartan subalgebra p. 1
α0, t+,A highest root, resp. positive chamber, resp. alcove p. 2
µj marking in t+ with α0(µj) < 1 p. 5
B,P Borel, resp. standard parabolic subgroup p. 3
(P1, P2) relative position of parabolics p. 7
X smooth curve /C p. 2
Yw, Cw Schubert variety, resp. Schubert cell p. 3, p. 10
nd(w1, . . . , wd) Gromov-Witten invariant p. 3
E → X holomorphic principal G-bundle p. 4
ϕj ∈ Exj/Pj parabolic reduction of E at xj p. 5
σ : X → E/P parabolic reduction p. 7
π : X˜ → X ramified cover p. 8
x˜j , U˜j ramification point of π, resp. neighborhood of x˜j p. 8
L, U Levi, resp. unipotent subgroup p. 9
r : P → L projection to L p. 13
ι : L→ G inclusion of L p. 13
Λ∗P weights of characters of P p. 12
σE , µE canonical reduction, slope p. 12
UG(X) universal space for G-bundles p. 19
MG(X ; x;µ) moduli space of parabolic semistable G-bundles p. 16
RK(X ;µ) moduli space of flat K-bundles with fixed holonomy p. 17
A,A∞ a connection, resp. its Yang-Mills limit p. 19
2. Parabolic G-bundles
In this section we develop the general theory of parabolic G-bundles: equivalence with
equivariant bundles for a finite group, canonical reductions, and coarse moduli spaces.
Unfortunately, we could not understand the arguments in Bhosle-Ramanathan [9] which
covers similar material so we chose to employ a different approach, basically switching the
order of embedding G in GL(n) and applying the equivalence with equivariant bundles.
A different approach which is less useful for our purposes but works in any dimension is
given by Balaji, Biswas, and Nagaraj [4].
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2.1. Definitions. Let X be a complex manifold. A principal G-bundle over X is a com-
plex manifold E → X with a right action of G that is locally trivial. That is, any point
in X is contained in a neighborhood U such that E|U is G-equivariantly biholomorphic
to U ×G. For X a scheme, principal G-bundles over X are required to be locally trivial
in the e´tale topology. By the theorem of Drinfeld and Simpson [17] (another proof is
given in [50]) any principal G-bundle over the product X ×S of a smooth curve X with
a scheme S is trivial locally in the product of the Zariski topology for X and the e´tale
topology in S. The results of this section are mostly valid in both the analytic and
algebraic categories.
The following definition of parabolic vector bundle is slightly more general than the
original one given by Mehta and Seshadri. Let X be a curve with distinct marked points
x1, . . . , xb, and E → X a holomorphic vector bundle of rank r. A parabolic structure for
E at xi is a partial flag
E1xi ⊂ E
2
xi
⊂ . . . ⊂ Elixi = Exi
together with a set of markings
µi,1 ≥ µi,2 ≥ . . . ≥ µi,r, µi,1 − µi,r < 1
corresponding to the type of the partial flag. That is, for all j = 1, . . . , r,
#{µi,k, k ≤ j} = #{dim(E
k
xi
) ≤ j}.
Note that Mehta-Seshadri require that the markings be non-negative, so that the µi =
(µi,1, . . . , µi,r) lie in a fundamental domain for the affine Weyl group of gl(r).
A parabolic vector bundle over a pointed curve (X ; x1, . . . , xb) is a holomorphic vector
bundle E → X together with parabolic structures (E•xi, µi) at the points xi, i = 1, . . . , b.
Usually we drop the parabolic structures from the notation.
We define a parabolic SL(r)-vector bundle to be a parabolic vector bundle E → X
with degree zero and
r∑
j=1
µi,j = 0, i = 1, . . . , b.
Hence the markings µi lie in the Weyl alcove (1) for the Lie algebra sl(r). There is an
equivalent definition of parabolic structure in terms of the bundle E of frames for E.
For any µ ∈ t+, there is a unique standard parabolic subgroup P ⊂ SL(r) such that
the WP is the stabilizer of µ in W . We say that P is the standard parabolic subgroup
corresponding to µ. Let Pi denote the standard parabolic subgroup corresponding to
the marking µi. The data of the filtration of Exi is equivalent to a reduction of Exi to
the parabolic subgroup Pi. Explicitly, let ϕi denote the set of frames {v1, . . . , vr} for
Exi , such that vl ∈ E
j
xi
for l ≤ dim(Ejxi). Then Pi acts transitively on ϕi, that is, ϕi is a
reduction of Exi to structure group Pi.
Let E → X be a principal G-bundle.
Definition 2.1. A parabolic structure for E at xi consists of
(a) a marking µi ∈ A with α0(µi) < 1;
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(b) a reduction ϕi ∈ Exi/Pi, where Pi is the standard parabolic subgroup correspond-
ing to µi.
A parabolic bundle on (X ; x1, . . . , xb) is a bundle E with parabolic structures at x1, . . . , xb.
A family of parabolic bundles parametrized by a complex manifold S is a principal G-
bundle over X ×S with sections of E/Pi over {xi}×S and markings µi. A morphism of
bundles E1 → E2 defines a morphism of parabolic bundles if the bundles have the same
markings and parabolic reductions for E1 are mapped to parabolic reductions for E2.
We remark that one can replace the condition α0(µi) < 1 with α0(µi) ≤ 1, by working
with torsors (non-abelian cohomology classes) for a group sheaf which is locally a stan-
dard parabolic subgroup of the loop group; see [50] for definitions. However, we do not
know any intrinsic formulation of the semistability condition in this language. In the
case G = SL(r), all parabolic subgroups of the loop group are conjugated to subgroups
of G[[z]] by outer automorphisms. That is why this case does not need to be considered
for moduli spaces of vector bundles.
The parabolic degree of a parabolic vector bundle E is defined by
pardeg(E) := deg(E) +
b∑
i=1
r∑
j=1
µi,j.
Here deg(E) denotes the first Chern class c1(E) ∈ H2(X) ∼= Z. The parabolic slope of
E is
µ(E) := pardeg(E)/ rank(E).
The parabolic structure on E induces a parabolic structure on any holomorphic subbun-
dle F . Define a flag in Fxi by removing repeating terms from the sequence
Fxi ∩ E
1
xi
⊆ Fxi ∩ E
2
xi
⊆ . . . ⊆ Fxi ∩ E
li
xi
.
Define markings νi by νi,j = µi,k where k is the smallest integer such that F
j
xi
⊂ Ekxi .
The parabolic bundle E is semistable if and only if the inequality
µ(F ) ≤ µ(E)
holds for all subbundles F ⊂ E.
In order to generalize these definitions to arbitrary type we give a definition of ordinary
semistability using the frame bundle E for E. Let Pk denote the standard maximal
parabolic subgroup of GL(r) stabilizing a subspace of dimension k. Let σ : X → E/Pk
be the parabolic reduction with σ(x) equal to the set of frames for Ex whose first k
elements are in Fx. Let E(ωk) denote the line bundle E ×Pk Cωk where Cωk is the weight
space for the k-th fundamental weight ωk of GL(r). A little yoga with the definition of
Chern classes shows that
deg(F ) = deg(σ∗E(ωk)).
If E is an SL-vector bundle, then E is ordinary semistable if and only if
deg(σ∗E(ωk)) ≤ 0, ∀σ : X → E/Pk
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for all k = 1, . . . , r−1. The definition of the marking ν can be rephrased in terms of the
Schubert cell decomposition of the Grassmannian. Let V be a vector space of dimension
r, and
V • = {V 1 ⊂ V 2 ⊂ . . . V r = V }
a complete flag in V . Let Gr(k, V ) denote the Grassmannian of k-planes in V . For each
sequence of integers J = {j1 < . . . < jk} the Schubert variety corresponding to I is
YI = {U ⊂ V, dim(U) ∩ V
jm ≥ m, m = 1, . . . , k.}
Let CI denote the interior of YI , that is, CI = YI\ ∪ YJ , where the union is over YJ
contained in YI . We say that U is in relative position I to V
• if U lies in CI . Now
let E → X be a parabolic vector bundle, and F ⊂ E a holomorphic sub-bundle. The
marking for Fxi is (µj , j ∈ Ji) where Ji is the relative position of Fxi and E
•
xi
. We
can write this in the language of principal bundles as follows. The quotient Exi/Pi is
isomorphic to the flag variety for Exi of type corresponding to µi, so the flag E
•
xi
defines
a point ϕi ∈ Exi/Pi. The quotient Exi/P is isomorphic to the Grassmannian Gr(k, Exi),
and any subspace Uxi ⊂ V defines a point σ(xi) ∈ Exi/Pk. The quotient of Weyl groups
W/WPk maps bijectively to the set of elements of size k in {1, . . . , r}, by
[w] 7→ I([w]) := {w(k + 1), . . . , w(r)}.
We say that σ(xi) is in relative position [wi] to ϕi if Uxi is in relative position I([wi]) to
E•xi . Hence E is parabolic semistable if and only if
deg(ϕ∗E(ωk)) +
b∑
i=1
(wiωk, µi) ≤ 0
for all k = 1, . . . , r − 1 and reductions ϕ : X → E/Pk, where [wi] ∈ WPi\W/WP is the
relative position of σ(xi) and ϕi, and wi is any representative of [wi] in W .
For arbitrary simple G and parabolic subgroups P ′1 = Ad(g1)P1, P
′
2 = Ad(g2)P2 ⊂
G given as conjugates of standard parabolics P1 and P2, define the relative position
(P ′1, P
′
2) ∈ WP1\W/WP2 to be the image of (g1, g2) under the map
G×G→ G\(G×G)/P1 × P2 ∼= P1\G/P2 ∼= WP1\W/WP2.
Note that (P ′2, P
′
1) = (P
′
1, P
′
2)
−1 and (P ′, P ′) = [1] for any parabolic subgroup P ′.
Definition 2.2. A parabolic principal G-bundle (E ;µ1, . . . , µb;ϕ1, . . . , ϕb) is stable (resp.
semistable) if for any maximal parabolic subgroup P and reduction σ : X → E/P we
have
(2) deg(σ∗E(ωP )) +
b∑
i=1
(wiωP , µi) < 0 (resp. ≤ 0 ) .
where wi ∈ WPi\W/WP is the relative position of σ(xi) and ϕi.
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By (wiωP , µi) we mean (w˜iωP , µi), independent of the choice of representative w˜i of wi.
We call the left-hand-side of (2) the parabolic degree of σ.
If G = SL(r) and E is a parabolic principal G-bundle, then the parabolic structure in-
duces on the associated vector bundle E the structure of a principal SL(r)-vector bundle.
For any smooth curve X with marked points x1, . . . , xb, let ParVect0(X ; x1, . . . , xb) de-
note the functor which assigns to any complex manifold S the set of isomorphism classes
of families of parabolic SL(r)-vector bundles on (X ; x1, . . . , xb) parametrized by S. Let
ParBun(X ; x1, . . . , xb;G) denote the functor that assigns to any complex manifold S the
set of isomorphism classes of families of parabolic principal G-bundles on (X ; x1, . . . , xb)
parametrized by S. The map E 7→ E defines an isomorphism of functors
ParVect0(X ; x1, . . . , xb)→ ParBun(X ; x1, . . . , xb; SL(r))
mapping families of semistable bundles to families of semistable bundles. There are
similar statements in the algebraic category.
We warn the reader that a homomorphism G→ H does not in general map the Weyl
alcove for G into the Weyl alcove for H . This makes directly associating a morphism of
functors to any such homomorphism problematic, and we will avoid doing so.
2.2. Equivalence with equivariant bundles. Parabolic principal bundles are equiv-
alent to bundles equivariant for a finite group, just as in the vector bundle case.
Let Γ denote a finite group acting generically freely on a curve X˜, and let X = Γ\X˜ .
Suppose that the projection π : X˜ → X has ramification points x1, . . . , xb. We denote
the inverse image of xi in X˜ by x˜i. The stabilizer of x˜i under Γ is denoted Γx˜i. We fix a
generator γx˜i of Γx˜i, so that its action in a neighborhood of x˜i is given by multiplication
by a primitive root of unity.
Let E˜ → X˜ be a Γ-equivariant vector bundle. Define E to be the vector bundle whose
sheaf of sections is sheaf of Γ-invariant sections of E˜. The parabolic structures are the
filtrations of Exi induced by order of vanishing at the ramification points. The markings
µi are the logarithms of the eigenvalues of the generator of Γ, acting on E˜x˜i , for any x˜i
in the fiber over xi. Let VectΓ denote the functor which assigns to any complex manifold
S, the isomorphism classes of Γ-equivariant bundles E˜ → X˜ . The map E˜ 7→ E defines
an isomorphism of functors, VectΓ(X˜)→ ParVect(X ; x1, . . . , xb) [36, 23, 12, 10].
Let BunΓ(X˜; x˜;G) be the functor which assigns to any complex manifold S, the iso-
morphism classes of Γ-equivariant principal G-bundles E˜ → X˜ . We will sketch a proof
of the following theorem:
Theorem 2.3. There exists an isomorphism of functors
BunΓ(X˜; x˜;G)→ ParBun(X ; x;G)
mapping families of semistable bundles to semistable bundles, and a similar isomorphism
in the algebraic category.
PARABOLIC BUNDLES AND PRODUCTS OF CONJUGACY CLASSES 9
That is, there is a natural bijection between isomorphism classes of Γ-equivariant
bundles (resp. semistable bundles) on S × X˜, and isomorphism classes of parabolic
bundles (resp. semistable bundles) on S ×X . Parabolic bundles with parabolic weights
µi at the points xi are mapped to Γ-equivariant bundles with action at x˜i in the conjugacy
class given by µi.
Let E˜ → X˜ be a Γ-equivariant principal G-bundle. We suppose for simplicity there
is a single fixed point x˜ = x˜j with marking µ = µj and stabilizer Γx˜j = Γ. Choose a
neighborhood U˜ → U with local coordinate z so that the projection is given by z 7→ zN ,
and the action of Γ by z 7→ exp(2πi/N)z. By the equivariant Oka principle of Heinzner
and Kutzchebauch [29, Section 11], after shrinking U˜ we may assume that E˜ is Γ-trivial
over U˜ . That is, there exists a Γ-equivariant biholomorphic map τ : E˜ |U˜ → U˜ × G
such that the action of Γ is given by γ(z, g) = (exp(2πi/N)z, exp(µ)g). Consider the one
parameter subgroup,
C∗ → G, z 7→ zNµ/2pii := exp(ln(z)Nµ/2πi).
Let Σ˜−Nµ denote the set of Γ-invariant meromorphic sections s : U˜ → E˜ such that
s(z)z−Nµ/2pii is regular on U˜ . Σ˜−Nµ contains the section given locally by s0(z) = z
Nµ/2pii.
We wish to show that there is a parabolic bundle (E , ϕ, µ) isomorphic to Γ\E˜ over
Γ\(X˜\x˜) such that Σ˜−Nµ is the set of sections of E over U . Form a bundle E˜−Nµ by
patching together E˜ |X˜\{x˜} with U˜ ×G, using the transition map z
−Nµ/2pii. The action of
Γ extends to E˜−Nµ and is trivial near x. Define E = Γ\E˜−Nµ. Since Γ acts trivially in
the fiber at the ramification point, E is a principal G-bundle. Let ϕ ∈ Exj/Pj denote the
parabolic reduction given as Pj in the trivialization at xj . We leave it to the reader to
check that the definition of (E , ϕ) is independent of the choices (this depends essentially
on the assumption α0(µ) < 1) and defines an isomorphism of functors.
We construct a one-to-one correspondence between parabolic reductions of E˜ and E ,
which maps the degree to a multiple of the parabolic degree. Let E˜ → X˜ be a Γ-
equivariant bundle, and E = E˜−Nµ/Γ. Any parabolic reduction σ : X → E/P induces
a Γ-invariant parabolic reduction σ˜ of E˜ and vice-versa, since G/P is complete. Fix a
local trivialization U˜i × G near x˜i, so that the action of Γ is given by exp(µi) on the
fiber. The bundle E is formed by twisting by z−Nµi/2pii near x˜i, and taking the quotient
by Γ. Using this local trivialization, the fixed point set of Γ on E˜x˜i/P has components
indexed by the double coset space of the Weyl group WPi\W/WP :
(3) (E˜x˜i/P )
γ ∼= (G/P )exp(µ) =
⋃
w∈WPi\W/WP
LwP
where L is the standard Levi subgroup of P .
Lemma 2.4. σ˜(x˜i) ∈ LwP , if and only if the relative position of (ϕi, σ(xi)) is [w].
Proof. Let Ow ⊂ G/P be the open cell containing Ad(w)P , that is, Ow = wB
−P ,
where B− is the Borel opposite to B. Let Cw = BwP be the Schubert cell containing
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Ad(w)P . The set of elements g ∈ G/P in relative position [w] is Cw. Let R−(P ) be
the set of weights of g/p, i.e. roots of the negative unipotent complementary to P .
Let f : Ow → ×gα be the T -equivariant isomorphism of the open cell Ow with the
product of root spaces gα for α ∈ wR−(P ). The image f(Cw) is the product of gα for
α ∈ wR−(P ) ∩ R+(B). Therefore it suffices to show that each component σ˜
−Nµ
α is
regular at z = 0 and σ˜−Nµα (0) = 0 unless α ∈ R+(B). Since σ˜ is γ-invariant, σ˜α(γ · z) =
exp(2πi(µ, α))σ˜α(z). Hence
σ˜α(z) =
∑
j≥0, j≡N (Nµ,α)
cjz
j .
Therefore
σ−Nµα (z) = σα(z)z
−(Nµ,α) =
∑
j≥0, j≡N (Nµ,α)
cjz
j−(Nµ,α).
It follows that σ−Nµα (z) = 0 at z = 0 if (α, µ) < 0, and is regular in any case. 
We compute the parabolic degree of σ as follows. In the local trivialization of E˜ near x˜i,
the reduction σ˜ is given by σ˜i(z)P for some map σ˜i : U˜i → G. By the previous paragraph
we may assume σ˜i(0) = ni, for some representative ni of wi the relative position of σ(xi)
and ϕi. By equivariant Oka [29] applied to the Γ-equivariant P -bundle corresponding to
σ, we may assume that σ˜i(z) = ni is constant. The bundle (σ˜
−Nµ)∗E˜−Nµ is formed by glu-
ing σ˜∗E˜\
⋃
σ˜∗E˜xi with
⋃
σ˜∗E˜ |U˜i using the maps Ad(ni)z
−Nµi/2pii = z−Nwiµi/2pii. This im-
plies that the gluing maps for (σ˜−Nµ)∗E˜−Nµ(ωP ) are χP (Ad(ni)z
−Nµi/2pii) = z−ωP (Nwiµi).
The degree of the line bundle is therefore
deg((σ˜−Nµ)∗E˜−Nµ(ωP )) = deg(σ˜
∗E˜(ωP ))−
b∑
i=1
NωP (wiµi).
Since σ = Γ\σ˜Nµ, the degree of σ∗E(ωP ) is 1/N times the degree of (σ˜
−Nµ)∗E˜−Nµ(ωP ).
Hence,
deg(σ∗E(ωP )) +
b∑
i=1
ωP (wiµi) =
1
N
deg(σ˜∗E˜(ωP )).
That is, the parabolic degree of σ is deg(σ˜)/N.
2.3. Modifications for the algebraic case. To prove the correspondence in the alge-
braic category one has to replace the equivariant Oka principle by a non-abelian coho-
mology argument, and the gluing by formal gluing.
Lemma 2.5. Let E˜ → X˜ × S be a Γ-equivariant principal G-bundle. For any s ∈ S,
there exists a neighborhood that is the product of an e´tale neighborhood in S and formal
neighborhood of x˜ in X˜, such that the action of Γ on the restriction of E˜ is of product
form.
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Proof. Over the formal disk D = Spec(C[[z]]) at x˜, the bundle E˜ is trivial and the action
of Γ is given by γ(z, ζ) = (γz, g(γ, z)ζ) for some g : Γ→ G[[z]]. Since γN = 1 we have
g(γ, γN−1z)g(γ, γN−2z) . . . g(γ, z) = e.
In particular, g(γ, 0)N = e. More generally, if E˜ is a Γ-equivariant bundle over DR :=
Spec(R[[z]]), where R is any C-algebra, then the action is given by an automorphism
g ∈ G(R[[z]]). Let E˜ be a Γ-equivariant bundle over DR. We wish to show that there
exists an automorphism τ ∈ G(R[[z]]) which transforms the Γ-action on E˜ |DR
∼= DR×G
to the product action, that is, τ(γz)−1g(γ, z)τ(z) = g(γ, 0). Consider the element of
C1(Γ, G(R[[z]])) defined by γ 7→ g(γ, z). Since
g(γ1γ2, z) = g(γ1, γ2z)g(γ2z) = γ
∗
2g(γ1, z)g(γ2, z)
g(·, z) is a cocycle in the cohomology of Γ with values in G[[z]]. Similarly g(·, 0) ∈
Z1(Γ, G(R)) which maps to Z1(Γ, G(R[[z]])). We claim there exists a 0-chain τ such
that (δτ) : g(·, z) 7→ g(·, 0). We construct τ order-by-order. Let Gl = G(R[z]/z
l = 0).
Let Nl be the kernel of the truncation map Gl+1 → Gl. The exact sequence of groups
1→ Nl → Gl+1 → Gl → 1
induces an exact sequence of pointed sets in non-abelian cohomology (see e.g. [46, p.
49])
H1(Γ, Nl)→ H
1(Γ, Gl+1)→ H
1(Γ, Gl).
Since Nl is a nilpotent, H
1(Γ, Nl) is trivial, by induction on the length of the central se-
ries which reduces to the case that Nl is a Γ-module. Therefore, H
1(Γ, Gl+1) injects into
H1(Γ, Gl) for all l. The complexes C
0(Γ, Gl), C
1(Γ, Gl) satisfy the Mittag-Leffler condi-
tion: the image of C0(Γ, Gl′) (resp. C
1(Γ, Gl′)) in C
0(Γ, Gl) resp. C
1(Γ, Gl) stabilizes as
l′ →∞. Indeed, let fl : Spec(Rl)→ G. Extending fl to a map fl+1 : Spec(Rl+1) → G
is equivalent to extending the map f−10 fl+1; the latter extends because G is isomorphic
to g near the identity. Therefore, Gl+1 → Gl is surjective, which implies the same result
for the chain complexes. The Mittag-Leffler condition implies that
H1(Γ, G[[z]]) = lim
l→∞
H1(Γ, Gl)
(see [28, II.9.1] for the abelian case) and therefore also injects into H1(Γ, G). The claim
follows since g(·, z) and g(·, 0) both map to g(·, 0) in H1(Γ, G(R)). 
Recall the description of bundles on X˜ by formal gluing data [5], [35, Section 3]. For
any algebra R, let X˜R := X˜ × Spec(R). Let T denote the functor from algebras to sets
which associates to R the set of isomorphism classes of triples (E˜ , ρ, σ), where E˜ is a
G-bundle over X˜R, ρ is a trivialization over (X˜\{x})R, and σ is a trivialization over
the formal disk DR. Then T is represented by G(R((z))) [35, 3.8]. Choose a set of
trivializations of E˜ in formal neighborhoods of the form DR as described above. Let
E˜−NµR denote the bundle obtained from twisting by z
−Nµ/2pii ∈ G(R((z))). The bundles
E˜−NµR are canonically isomorphic away from x˜, the canonical isomorphisms extend to X˜ ,
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and the extension preserves the parabolic structures at the ramification points. By a
simple case of e´tale descent, the bundles E˜−NµR patch together to a bundle E˜
−Nµ → S×X˜ .
Since the gluing data for E˜−Nµ are Γ-invariant, they define a G-bundle E → S ×X with
parabolic structure.
2.4. Canonical reductions. If a parabolic vector bundle E is unstable, the Harder-
Narasimhan is a canonical sequence of sub-bundles violating the semistability condition.
There is a unique sub-bundle E1 ⊂ E such that the slope µ(E1) is maximal among all
sub-bundles, and the rank of E1 is maximal among sub-bundles with that slope. The
Harder-Narasimhan filtration
E• = {E1 ⊂ . . . ⊂ Ek = E}
is defined inductively by Ei+1/Ei = (E/Ei)1. It follows from the definition that the
quotients Ei+1/Ei of the canonical filtration are semistable, the slopes µi = µ(Ei/Ei−1)
decreasing, and E• is the unique filtration with slopes µi and ranks ri = dim(Ei).
Atiyah-Bott [3, Section 10] construct a canonical parabolic reduction σE : X → E/P
generalizing the Harder-Narasimhan filtration, using the adjoint bundle E(g) of E . The
Harder-Narasimhan filtration
. . . E(g)−1 ⊂ E(g)0 ⊂ . . .
of E(g) has a term E(g)0 such that E(g)0/E(g)−1 has degree zero, and E(g)0 is a bundle
of parabolic Lie algebras for some parabolic subgroup P and defines a reduction σE :
X → E/P . The value σE(x) of the reduction at x ∈ X is the unique fixed point for E(g)0
acting infinitesimally on the fiber Ex/P .
The canonical reduction σE is functorial for homomorphisms φ : G→ G
′ such that the
associated Lie algebra map Dφ : g→ g′ is injective. That is, for any principal G-bundle
E → X , there is a parabolic subgroup P ′ of G′ such that P is the inverse image of P ′
under φ and σE is the inverse image of σφ∗E under the map E/P → E
′/P ′. Indeed, the
image of E(g)0 in φ∗E(g
′) is contained in φ∗E(g
′)0, for reasons of degree, and maximality
of E(g)0 among sub-bundles with the same degree implies that E(g)0 contains the inverse
image of φ∗E(g
′)0. Hence p = Dφ
−1(p′).
Define a notion of slope for parabolic reductions as follows. Let Λ∗P denote the abelian
group of weights of characters of P , and ΛP its dual. For a principal G-bundle E → X
and parabolic reduction σ : X → E/P , the slope µ(σ) ∈ ΛP is given by
µ(σ) : λ 7→ deg(σ∗E(λ))
for λ ∈ Λ∗P . The type of E is the slope µ(σE) of its canonical reduction. µ(σE) lies in the
interior of the open face of t+ corresponding to P .
Lemma 2.6. The canonical reduction σE is the unique parabolic reduction with slope
µ(σE).
Proof. Consider an embedding φ : G → Gl(V ), and let σφ∗E : X → φ∗E/P
′ denote
its canonical reduction. Let σ : X → E/P be another reduction with slope µ(σE), and
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φ∗σ be the parabolic reduction of φ∗E to P
′ induced by σ. Since deg((φ∗σ)
∗φ∗E(λ)) =
deg(σ∗E(Dφ∗λ)) for any weight λ ∈ Λ∗P ′, µ(σφ∗E) = µ(φ∗σ). Since the Harder-Narasimhan
filtration is the unique filtration of its slope, φ∗σ = φ∗σE . This implies that σ = σE . 
Using the equivalence of parabolic bundles with equivariant bundles one can extend
the theory of the canonical reduction to parabolic bundles. Let γ : X → X be an
automorphism of the curve X . If E is an γ-equivariant bundle, then the canonical
reduction is γ-invariant, since it is the unique reduction with its slope. Let Γ be a group
of automorphisms of E . We will call Γ-stable (resp. Γ-semistable) if
(4) deg(σ∗E(λ)) ≤ 0 (resp. < 0 )
for all Γ-invariant parabolic reductions σ : X → E/P and weights λ ∈ Λ∗P . Since
the canonical reduction is the unique reduction of its slope, a principal G-bundle is Γ-
semistable if and only if it is ordinary semistable. On the other hand, Γ-stability, or
Γ-irreducibility of E is not in general the same as ordinary stability or irreducibility. For
any parabolic bundle E = (E , {(ϕi, µi)}), let σE denote its canonical reduction, defined by
the one-to-one correspondence between invariant parabolic reductions of E˜ and parabolic
reductions of E . Define the slope of a parabolic reduction σ : X → E/P by
µ(σ) : λ 7→ deg σ∗E(λ) +
∑
λ(wiµi).
The type of E is the slope of σE ; by the discussion above σE is the unique reduction of
this slope.
2.5. Grade equivalence. The rest of this section is included for the sake of complete-
ness, and is not needed for the main result.
We extend Ramanathan’s notion of grade equivalence to parabolic bundles. First, let
E → X be a G-bundle, and σ : X → E/P be a parabolic reduction. Let r : P → L
the projection to a Levi subgroup L ⊂ P , and ι : L → G the inclusion of L in G. The
reduction σ is admissible if deg(σ∗E(λ)) = 0 for all weights λ. The equivalence relation
on semistable bundles generated by
E ∼ ι∗r∗σ
∗E ,
as σ ranges over all admissible reductions, is called grade equivalence [44, 45]. For any
semistable bundle E → X , there is a semistable bundle Gr(E), unique up to isomorphism,
defined by the condition that there is an admissible reduction σ : X → E/P such that
r∗σ
∗E is stable and Gr(E) ∼= ι∗r∗σ
∗E. The set of isomorphism classes of semistable G-
bundles E such that E ∼= Gr(E) form a set of representatives for the equivalence classes
of semistable G-bundles over X . That is, two bundles E1, E2 → X are grade equivalent,
if and only if their grade bundles Gr(E1),Gr(E2) are isomorphic.
For equivariant bundles we define grade equivalence to be the equivalence relation
generated by E ∼ ι∗r∗σ
∗E , where σ : X → E/P is Γ-invariant.
Let E → S×X be a family of Γ-equivariant principal G-bundles, and E0 a bundle such
that Es is Γ-isomorphic to E0 for s varying in a dense open subset of S. The equivalence
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relation generated by Es → E0 for any s ∈ S is called S-equivalence. By [44, Proposition
3.24], this is the same as grade-equivalence.
To define grade equivalence for parabolic bundles, first let E be a parabolic vector
bundle, with filtration E•xi. If F ⊂ E is any sub-bundle, the filtrations E
j
xi
induce
filtrations on the fibers of the graded bundle F ⊕E/F at the points xi, and we say that
F ⊕ E/F is parabolic grade equivalent to E.
This construction generalizes to arbitrary type as follows. let (E , ϕ1, . . . , ϕb, µ1, . . . , µb)
be a parabolic bundle, σ : X → E/P a parabolic reduction, and r∗σ
∗E the associated L-
bundle. Let Aut(Exi) denote the group of G-equivariant automorphisms of Exi. Aut(Exi)
is isomorphic to G, and the stabilizer P ′ = Aut(Exi)σ(xi) is isomorphic to P . Similarly,
the stabilizer P ′i = Aut(Exi)ϕi is isomorphic to Pi. In the vector bundle case, P
′
i is
the group of automorphisms preserving the filtration E•xi . The intersection P
′ ∩ P ′i is
a subgroup isomorphic to wiPi ∩ P , where wi is the relative position of ϕi and σ(xi).
Its image in Aut(r∗σ
∗Exi) is a parabolic subgroup, isomorphic to wiPi ∩ L. Therefore,
it has a unique closed orbit in r∗σ
∗Exi/(wiPi ∩ L). Since r∗σ
∗Exi/(wiPi ∩ L) injects into
ι∗r∗σ
∗Exi/Pi, we get a reduction of ι∗r∗σ
∗Exi/Pi we denote by ιrσϕi. Let parabolic grade
equivalence be the equivalence relation generated by
(E , ϕ1, . . . , ϕb, µ1, . . . , µb) ∼ (ι∗r∗σ
∗E , ιrσϕ1, . . . , ιrσϕb, µ1, . . . , µb).
We claim this equivalence relation corresponds to grade equivalence for equivariant bun-
dles. Let E˜ → X˜ be a Γ-equivariant bundle, and (E , ϕ1, . . . , ϕb, µ1, . . . , µb) the corre-
sponding parabolic bundle. Let σ˜ be a Γ-invariant parabolic reduction to a parabolic
subgroup P and σ the corresponding parabolic reduction of E . Let U˜i × G be a local
trivialization near xi, so that the action of Γ is (z, g) 7→ (exp(2πi/N)z, exp(µi)g) and
σ˜(z) = w−1i P , for some wi ∈ WP\W . The local trivialization of σ˜
∗E˜ induces a local
trivialization of r∗σ˜
∗E˜ near xi. The action of Γ is given in this local trivialization by
(z, l) 7→ (exp(2πi/N)z, exp(wiµi)l).
Let µL,i be the unique point in the positive chamber for L conjugate to wiµi. The para-
bolic bundle corresponding to r∗σ˜
∗E˜ is (EL, ϕL, µL) where EL = (r∗σ˜
∗E˜)−NµL/Γ. Define
wL,i ∈ WL the Weyl group for L by wL,iµL,i = wiµi. By definition the gluing maps for
(r∗σ˜
∗E˜)−NµL are given wL,iz
NµL,i/2pii. The gluing map for r∗(σ˜
−Nµ)∗E˜−Nµ is z−Nwiµi/2pii.
Since z−Nwiµi/2piiwL,iz
NµL,i/2pii = wL,i is regular at z = 0, the bundles (r∗σ˜
∗E˜)−NµL and
r∗(σ˜
−Nµ)∗E˜−Nµ are isomorphic. Therefore, their quotients by Γ are isomorphic. The
parabolic structure for (r∗σ˜
∗E˜)−NµL at xi is r(P ∩ w
−1
i Pi) in the trivialization near xi.
This completes the proof of the claim.
2.6. Coarse moduli spaces. Let Bun
ss
(X) denote the functor which associates to any
scheme S the set of grade equivalence classes of semistable algebraic principal G-bundles
over S × X . The main result of Ramanathan’s thesis [45] (see also [20])) is the exis-
tence of an irreducible, normal projective variety MG(X) and a morphism Bun
ss
(X)→
Hom(·,MG(X)) that is a coarse moduli space for Bun
ss
(X). By definition, a coarse
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moduli space for a functor F is a scheme M and a morphism ρ : F → Hom(·,M) such
that (i) ρ induces a bijection of points ρ(∗) : F (∗) → Hom(∗,M), where ∗ = Spec(C),
and (ii) for any scheme N and morphism χ : F → Hom(·, N), there is a unique mor-
phism φ : Hom(·,M)→ Hom(·, N) such that χ = φ ◦ ρ. Usually, we omit the morphism
ρ from the notation.
Let Bun
ss
Γ (X˜) denote the functor that assigns to any scheme (or complex manifold,
in the analytic category) S the set of grade-equivalence classes of Γ-equivariant bundles
over S × X˜.
Theorem 2.7. There is a normal projective variety MG,Γ(X˜) that is a coarse moduli
space for Bun
ss
Γ (X˜).
Sketch of Proof: We realize MG,Γ(X˜) as a subquotient of the moduli space of bun-
dles with level structure. Recall that a level structure on E at a point y ∈ X˜ is a
point ey in the fiber Ey. Bundles with level structure have no automorphisms, since
the map Aut(E) → Aut(Ey) is injective. A morphism of bundles with level struc-
ture (E1, e1,y), (E2, e2,y) is a morphism ϕ : E1 → E2 such that ϕ(e1,y) = e2,y. Let
Bun(X˜ ; y1, . . . , ym;G) denote the functor which associates to any scheme S the set of iso-
morphism classes of G-bundles over S×X˜ with level structures at points y1, . . . , ym ∈ X˜ .
Let Bunss(X˜ ; y1, . . . , ym;G) denote the open subfunctor defined by the condition that
the underlying bundle is semistable. Bunss(X˜, y1, . . . , ym;G) is represented by a smooth
quasi-projective moduli space MG(X˜, y1, . . . , ym), see [47, Part 4],[30]; for arbitrary G
one needs the embedding arguments in [44, 4.8.1]. The right action of G on the fiber
at each marked point induces an action of Gm on MG(X˜, y1, . . . , ym), with good quo-
tient MG(X˜). Using Hilbert schemes as in [45, Section 5] one may construct a univer-
sal space UG(X˜, y1, . . . , ym) for G-bundles with level structure at y1, . . . , ym, such that
UG(X˜, y1, . . . , ym)→MG(X˜, y1, . . . , ym) is a good quotient.
Suppose that the set {y1, . . . , ym} is invariant under Γ, and the stabilizers Γyi are
trivial. An equivariant bundle with level structure is an equivariant bundle E with level
structure ey1 , . . . , eym such that γ(eyi) = eγ(yi). LetMG,Γ(X˜, y1, . . . , ym) denote the set of
isomorphism classes of equivariant bundles with level structure whose underlying bundle
is semistable. Since bundles with level structure have no automorphisms, forgetting the
equivariant structure defines an injection
MG,Γ(X˜, y1, . . . , ym)→MG(X˜, y1, . . . , ym).
The image is the fixed point set of the action of Γ, which is a smooth quasi-projective
variety. Let GmΓ denote the subgroup of G
m invariant under the action of Γ on Gm
induced by the action of Γ on the set {y1, . . . , ym}. An observation of Ramanathan is
that if f : X → Y is an affine morphism of G-varieties, and Y has a good quotient, then
so does X [40, 3.12]. Note that
MG,Γ(X˜)×Gm
Γ
Gm →MG(X˜)×Gm
Γ
Gm →MG(X˜)
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are affine G-morphisms; it follows that the action of GmΓ on MG,Γ(X˜, y1, . . . , ym) has a
good quotient, which we denote MG,Γ(X˜). A good quotient is a categorical quotient,
hence MG,Γ(X˜) is normal.
We will show that MG,Γ(X˜) is a coarse moduli space for the functor of equivalence
classes of Γ-equivariant bundles. Let E be a Γ-equivariant semistable bundle over S×X˜ ,
and s any point in S. In a neighborhood S1 of s, E admits equivariant level structures at
y1, . . . , ym and defines S1 →MG,Γ(X˜, y1, . . . , ym). If Es are equivariantly isomorphic for s
in an open subset S0 ⊂ S, then the image of S0∩S1 inMG,Γ(X˜, y1, . . . , ym) is contained
in the closure of a single orbit. Conversely, if [E0] ∈ MG,Γ(X˜, y1, . . . , ym) lies in the
closure of the orbit of [E1] ∈ MG,Γ(X˜, y1, . . . , ym), then forgetting the level structure
shows that E0 and E1 are equivalent. Hence the points of MG,Γ(X˜) are equivalence
classes of semistable bundles. For any family E → S × X˜ of equivariant semistable
G-bundles which admits equivariant level structure over S1 ⊂ S, let ϕE,S1 : S1 →MG,Γ
denote the map induced by adding some level structure, S1 →MG,Γ(X˜, y1, . . . , ym), and
then composing with the projection. It is clear that ϕE does not depend on the choice
of level structure, so that ϕE,S1 patches together to a map ϕE , and E 7→ ϕE defines a
morphism of functors
ρΓ : Bun
ss
Γ (X˜ ;G)→MG,Γ(X˜).
Part (ii) of the definition of the definition coarse moduli space follows from the properties
of UG(X˜, y1, . . . , ym) as in [45, 4.5].
Let LG(X˜, V ) → MG(X˜) be the determinant line bundle associated to a faithful
representation V of G, see [6]. This is an ample line bundle; let LG,Γ(X˜, V ) denote its
pull-back under the forgetful morphism
f :MG,Γ(X˜)→MG(X˜).
We claim that LG,Γ(X˜, V ) is ample. Indeed Hom(Γ, L)/L is finite for finite Γ and linear
algebraic L; this is essentially a result of A. Weil [53], see Slodowy [49]. By Zariski’s
main theorem [27, 4.4], any proper morphism with finite fibers is a finite morphism. 1
By [26, 6.6], the pull-back of an ample line bundle under a finite morphism is ample.
This completes the proof of the claim. We remark that in the case MG,Γ(X˜) is smooth,
the claim follows from Kodaira’s theorem. By the correspondence theorem in Section 4,
MG,Γ(X˜) is compact. It follows that MG,Γ(X˜) is projective.
Let MG(X ; x;µ) :=MG(X ; x1, . . . , xb, µ1, . . . , µb) be the moduli space of equivalence
classes of parabolic G-bundles on (X ; x1, . . . , xb) with markings µ1, . . . , µb. By the equiv-
alence with equivariant bundles this is a normal projective variety and a coarse moduli
space for the functor ParBun(X ; x;µ;G) of grade-equivalence classes of semistable par-
abolic bundles with markings µ1, . . . , µb.
1Mumford [39, p.124] credits this result to Chevalley.
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3. Narasimhan-Seshadri correspondence for parabolic G-bundles
In this section we prove the correspondence between flat K-bundles and semistable
holomorphic G-bundles, for markings µi satisfying α0(µi) < 1. A related result for
projective varieties X of any dimension is proved in [4]. A different approach to this
correspondence in the case SU(r) has been given by Simpson [48].
The moduli space of flat K-bundles on a punctured surface can be constructed as
in Atiyah-Bott as a symplectic quotient of the affine space of connections by the gauge
group. Let X be a compact oriented surface with boundary ∂X . Since K is 1-connected,
any principal K-bundle on X is trivial. Let
A(X) := Ω1(X, k), K(X) := Map(X,K)
be the space of connections on X × K → X and gauge group for X × K. Choose an
invariant inner product Tr( , ) : k×k→ R on k. The affine space A(X) has a symplectic
form
a1, a2 7→
∫
X
Tr(a1 ∧ a2).
The action of K(X) on A(X) is Hamiltonian, with moment map given by the curvature
plus restriction to the boundary
A(X) 7→ Ω2(X, k)⊕ Ω1(∂X, k), A 7→ (FA, ι
∗
∂XA).
The symplectic quotients of A(X) by K(X) may be identified with moduli space of flat
connections on A(X), with fixed holonomy around the boundary [37]. Let b denote the
number of components of ∂X . The orbits of K(X) on Ω1(∂X, k) are parametrized by
b-tuples µ = (µ1, . . . , µb) ∈ A
b. Let
Holi : Ω
1(∂X, k)→ K
denote the holonomy around the i-th boundary component. Then two connections
A1, A2 ∈ Ω
1(∂X, k) are in the same orbit of K(∂X) if and only if Holi(A1) is conju-
gate to Holi(A2), for i = 1, . . . , b. The symplectic quotient
RK(X ;µ1, . . . , µb) = A(X)//µ K(X) = {A ∈ A(X), FA = 0, Holi(A) ∈ Cµi}/K(X)
is the moduli space of flat connections on X ×K, with fixed holonomy. Up to symplec-
tomorphism RK(X ;µ) := RK(X ;µ1, . . . , µb) does not depend on the choice of marked
points xi, which justifies dropping them from the notation.
The spaces RK(X ;µ) may be identified with moduli spaces of representations of π1(X)
in K. Any flat connection A determines a holonomy representation Hol(A) : π1(X) →
K. The i-th boundary component (∂X)i determines a conjugacy class [(∂X)i] ⊂ π1(X).
Two flat bundles are isomorphic if and only if their holonomy representations are con-
jugate by the action of K. Therefore, there is a bijection
(5) RK(X ;µ)→ {ρ ∈ Hom(π1(X), K), ρ([(∂X)i]) ⊂ Cµi}/K.
Now suppose that X is a compact, oriented two-manifold without boundary, and
x1, . . . , xb ∈ X distinct marked points. Then the moduli space of flat bundles on
18 C. TELEMAN AND C. WOODWARD
X\{x1, . . . , xb} with holonomy around xi in Ci is RK(X
′, µ1, . . . , µb), where X
′ is the
manifold obtained by removing a small open disk containing each marked point xi.
We denote this space by RK(X ;µ). In the case X = P
1, the fundamental group of
X\{x1, . . . , xb} is
π1(X\{x1, . . . , xb}) =< c1, . . . , cb > /Π
b
i=1ci = 1.
By (5), the moduli space of flat bundles is given by
RK(P
1;µ1, . . . , µb) = {(k1, . . . , kb) ∈ Cµ1 × . . .× Cµb | Π
b
i=1ki = e }/K.
The moduli spaces on the punctured surface are homeomorphic to moduli spaces of
Γ-invariant flat connections on a ramified cover X˜ . Suppose Γ acts on E˜ := X˜ ×K, so
that the generator of Γx˜i acts on the fiber E˜x˜i by an element in the conjugacy class Cµi .
Any invariant connection A˜ on X˜×K descends to a connection A on the quotient bundle
(E˜\{x1, . . . , xb} ×K)/Γ with holonomy around xi in Cµi . Let R
Γ
K(X˜, µ1, . . . , µb) denote
the moduli space of Γ-equivariant flat bundles on X˜ up to Γ-equivariant isomorphism,
such that the action of Γ on E˜xi is identified (up to conjugacy) with exp(µi). If α0(µi) < 1
for i = 1, . . . , b, the map (E˜ , A˜) 7→ (E , A) defines a bijection
(6) RΓK(X˜, µ1, . . . , µb)→ RK(X ;µ1, . . . , µb).
Indeed, any Γ-equivariant isomorphism of flat bundles on X˜ induces an isomorphism
of bundles on X\{xi}. Conversely, given a flat bundle on X\{xi} one may pull-back
to a flat bundle on X˜\{x˜i}. In polar coordinates ri, θi near xi the connection has the
form µidθi. It follows that one may glue in the trivial flat bundle using the gluing map
exp(θiµi) to obtain a Γ-equivariant flat bundle on X˜ . Any isomorphism of flat bundles
on X\{xi} lifts to an isomorphism of flat bundles on X˜\{x˜i}. In the local trivializations
near the marked points xi the isomorphism is given by a constant gauge transformation
k in the centralizer of exp(µi), which is equal to the stabilizer of µi since α0(µi) < 1.
Therefore the isomorphism extends over the points x˜i.
3.1. The Yang-Mills heat flow. According to Donaldson [16], the Narasimhan-Seshadri
correspondence can be constructed by minimizing the Yang-Mills functional on the space
of connections. Throughout this section we identify the space A(X) of connections on
X×K with the space of holomorphic structures onX×G. For any connection A ∈ A(X),
let
dA : Ω
∗(X, k)→ Ω∗+1(X, k)
denote the corresponding covariant differentiation operator, and d∗A its formal adjoint.
The Yang-Mills functional is A 7→ ‖FA‖
2
L2. Let Θ be its contragradient, Θ(A) = −d
∗
AFA.
The connection A is Yang-Mills if Θ(A) = 0. The following summarizes results of
Donaldson, Daskalopolous, and R˚ade for Gl(n), extended to arbitrary structure groups.
Theorem 3.1. (a) For any A0 ∈ A(X), there exists a trajectory At ∈ C
0([0,∞),A(X))
satisfying d
dt
At = Θ(At);
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(b) At converges in the Sobolev space H
1 to a Yang-Mills connection A∞;
(c) A∞ is a flat connection if and only if A is semistable;
(d) the map A 7→ A∞ defines a continuous retract of the space of semistable connec-
tions onto the space of flat connections, in the H1-topology; and
(e) the map [A] 7→ [A∞] defines a homeomorphism MG(X)→ RK(X).
The results of [16, 13, 43] prove (a)–(e) for vector bundles. Fix an embedding φ : K →
U(n), and let the metric on k be the pull-back of an invariant metric on U(n). The Yang-
Mills flow on U(n)-connections pulls back to the Yang-Mills flow on K-connections. This
implies parts (a) and (b). Semistable holomorphic structures onX×Gmap to semistable
holomorphic structures on X × Gl(n), by functoriality of the canonical reduction. This
implies (c) and (d). It remains to show (e).
We must show that two connections A1, A2 are grade equivalent if and only if the
connections A1,∞, A2,∞ are in the same K(X)-orbit. First, we show that S-equivalence is
equivalent to topological S-equivalence, that is, S-equivalence where instead of algebraic
or holomorphic families of connections we require only that the family be continuous,
say in the Sobolev topology. By [44, 4.15.2], there exists a (non-singular, projective)
universal space for semistable G-bundles on X , which we call UG(X) (Ramanathan’s
R3.) What we want to check is that UG(X) has the universal property for topological
families, at least locally. That is, a continuous family As of semistable G-bundles defines
a continuous family Bs in UG(X), in a neighborhood of any s0 ∈ S. Choose an embedding
ι : G → Gl(V ) and a line bundle L → X , such that any bundle ι∗(E)⊗ L is generated
by globally sections and the higher cohomology of ι∗(E)⊗L vanishes. A point in UG(X)
is a set of generating sections for ι∗(E)⊗ L, together with a G-structure on ι∗(E). Since
higher cohomology vanishes, the global sections of ι∗(As)⊗ L form a topological vector
bundle over the parameter space S. We can choose a continuous family of sections
f1(s), . . . , fm(s) that generate ι∗(As) for any s in a neighborhood S0 of s0. Together
with the G-structure on ι∗(As) these give the family Bs. Because MG(X) is a good
quotient of UG(X), the family [As] is a continuous path in M. This shows that A0 and
As are S-equivalent, for any s ∈ S. In fact MG(X) is a coarse moduli space in the
topological category, that is, represents the functor from topological spaces to sets that
assigns to any topological space S the set of continuous families Es, s ∈ S of equivalence
classes of semistable holomorphic G-bundles over X . This implies that the holomorphic
bundles corresponding to Aj , Aj,∞ are S-equivalent. Hence, if A1,∞ are isomorphic then
A1, A2 are S-equivalent.
Conversely, suppose A1, A2 are semistable and S-equivalent. The grade bundles for
A1, A2 are isomorphic, by [44, 3.12.1]. Also, the grade bundles for A1, A2 are isomorphic
to the grade bundles of Aj,∞, j = 1, 2, since these bundles are S-equivalent. Since Ai,∞
is flat, it is its own grade bundle [44, 3.15]. Flat connections isomorphic by a complex
gauge transformation are related by a unitary gauge transformation [16, Proposition
6.1.10]. Hence A1,∞ and A2,∞ are in the same K(X)-orbit, which completes the proof of
(e).
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3.2. Narasimhan-Seshadri theorems for equivariant and parabolic bundles.
Let RK,Γ(X˜) denote the moduli space of Γ-equivariant flat bundles on X˜ , up to equi-
variant isomorphism. Fix an action of Γ on X˜ ×K. If A˜ is a Γ-invariant connection on
X˜ × K, then the tangent vector Θ(A˜) is also Γ-invariant. The Yang-Mills limit A˜∞ is
therefore a Γ-invariant flat connection. If A˜ is semistable, then A˜∞ is flat, by 3.1 (c).
The map
(7) MG,Γ(X˜)→ RK,Γ(X˜), [A˜] 7→ [A˜∞]
is a homeomorphism; the proof is essentially the same as in the non-equivariant case.
This equivariant correspondence theorem implies a correspondence theorem for parabolic
bundles. We need the following lemma on existence of finite ramified covers.
Lemma 3.2. [18, 5.2] If N is odd or b is even, then there exists a ZN -cover π : X˜ → X
totally ramified at x1, . . . , xb.
Therefore, we can assume that X˜ exists, at least after adding a marked point with
marking 0.
Theorem 3.3. Let G be a connected simple, simply-connected Lie group with maximal
compact subgroup K, and X a curve with distinct marked points x1, . . . , xb. Let µ1, . . . , µb
be markings with α0(µi) < 1. There is a homeomorphism
MG(X ; x1, . . . , xb, µ1, . . . , µb)→ RK(X, µ1, . . . , µb).
For rational markings, this follows from Theorem 2.3 and the bijections (7) and (6).
We extend it to irrational markings by perturbation. We note that Simpson’s method
[48], see also [14] works just as well for the non-rational case.
Theorem 3.4. For any (µ1, . . . , µb) ∈ A
b, there exists a rational affine subspace C(µ1, . . . , µb)
such that for (µ′1, . . . , µ
′
b) sufficiently close to (µ1, . . . , µb) in C(µ1, . . . , µb) there exist
homeomorphisms
MG(X ; x1, . . . , xb, µ1, . . . , µb)→MG(X ; x1, . . . , xb, µ
′
1, . . . , µ
′
b)
(8) RK(X ;µ1, . . . , µb)→ RK(X ;µ
′
1, . . . , µ
′
b).
Proof. Suppose (µ1, . . . , µb) is contained in an open face F (µ1, . . . , µb) ⊂ A
b. For each
maximal parabolic P , there exist a finite set
S(µ1, . . . , µb) = {(d, w1, . . . , wb) ∈ N× (W/WP )
b, d+
∑
(wiµi, ωP ) = 0}.
These inequalities define a rational affine subspace C(µ1, . . . , µb) ⊂ F (µ1, . . . , µb). Let
m = inf |d+
b∑
i=1
(wiµi, ωP )|, (d, w1, . . . , wb) /∈ S(µ1, . . . , µb).
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Since W/WP is finite and A is compact, m is non-zero. For (µ
′
1, . . . , µ
′
b) sufficiently close
to (µ1, . . . , µb) in C(µ1, . . . , µb) we have
MG(X ; x1, . . . , xb, µ1, . . . , µb) =MG(X ; x1, . . . , xb, µ
′
1, . . . , µ
′
b)
since the semistability condition for the two sets of markings is the same.
To prove the bijection for flat K-bundles, consider the manifold
M = K2(g+b−1) = {(a1, . . . , ag, b1, . . . , bg, c1, . . . , cb−1, d1, . . . , db−1)}
with action of (k1, . . . , kb) ∈ K
b given by
ai 7→ Ad(kb)ai, bi 7→ Ad(kb)bi, ci 7→ kbcik
−1
i , di 7→ Ad(ki)di
and group valued moment map (see [2]; one could use loop group actions here as well)
Φ : M → Kb, (a, b, c, d) 7→ (d1, . . . , db−1, (Πaibia
−1
i b
−1
i ΠAd(ci)di)
−1).
The moduli space of flat bundles is the symplectic quotient
(9) RK(X ;µ1, . . . , µb) = Φ
−1(µ1, . . . , µb)/(Kµ1 × . . .×Kµb).
We claim that for ν ∈ TC(µ1, . . . , µb) and ǫ sufficiently small, there exists a homeomor-
phism
(10) RK(X ;µ1, . . . , µb)→RK(X ;µ1 + ǫν1, . . . , µb + ǫνb).
The quotient (9) can be taken in stages, first a quotient by U(1)ν and then a quotient
by (Kµ1 × . . .Kµb)/U(1)ν . As in the Duistermaat-Heckman theorem, it suffices to show
that the one-parameter subgroup U(1)ν generated by (ν1, . . . , νb) acts locally freely on
Φ−1(µ1, . . . , µb). Suppose (a, b, c, d) ∈ Φ
−1(µ1, . . . , µb) is fixed by U(1)ν . Then
ai, bi ∈ Kνb , di ∈ Kνi , νi = Ad(ci)νb.
Since ν1, . . . , νb ∈ t, we have νi = Ad(wi)νb for some w1, . . . , wb ∈ W and ci is a repre-
sentative of wi, up to multiplication by Kνb. We may assume νb ∈ t+. The fixed point
set of U(1)ν is
K2gνb × (Kνbw1 ×Kνi)× . . .× (Kνbwb−1 ×Kνb−1).
Its image under the moment map is equal to
(11) {(d1, . . . , db) ∈ Kν1 × . . .×Kνb,
b∏
i=1
Ad(wi)di ∈ [Kνb, Kνb]}.
The stabilizer Kνb has roots α with (α, νb) = 0. Therefore, the Cartan tνb of the semisim-
ple part of Kνb is
tνb = span{α, (α, νb) = 0)} = {ξ ∈ t, (ωj, ξ) = 0, j = 1, . . . , m},
where ω1, . . . , ωm are the fundamental weights corresponding to simple roots α1, . . . , αm
with (αj , νb) 6= 0. Let us identify the Weyl alcove A with a subset of K, using the
exponential map. The torus Tνb ⊂ Kνb intersects A in the subset defined by the equations
Tνb ∩ A = {ξ ∈ A, (ωj, ξ) ∈ Z, j = 1, . . . , m}.
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The intersection of (11) with Ab is therefore
{ξ ∈ Ab, (ωj ,
b∑
i=1
wiξi) ∈ Z, j = 1, . . . , m}.
If ξ = µ belongs to this set then so does ν, which implies
(νb, ωj) = 0, j = 1, . . . , m.
Hence νb is a combination of simple roots vanishing on νb which is a contradiction. 
Working in the analytic category we can define a canonical homeomorphism for non-
rational markings
(12) RK(X ;µ)→MG(X ; x;µ)
as follows. Let X˜ → X denote the ramified cover with covering group π1(X). Any flat
bundle on X\{x1, . . . , xb} with holonomies µ1, . . . , µb defines a π1(X)-equivariant bundle
on X˜ . The corresponding π1(X)-equivariant holomorphic G-bundle E˜ → X˜ defines a
parabolic G-bundle E → X . The resulting map (12) is continuous and injective, since the
argument that two flat bundles related by a complex gauge transformation are unitarily
isomorphic [16, 6.1.10] does not use compactness of the curve. Now consider the map⋃
ν∈U(µ1,...,µb)
RK(X ; ν1, . . . , νb)→
⋃
ν∈U(µ1,...,µb)
MG(X ; x1, . . . , xb; ν1, . . . , νb)
where U(µ1, . . . , µb) is a closed neighborhood of (µ1, . . . , µb) in C(µ1, . . . , µb) given by
Theorem 3.4. Since this map is a homeomorphism for rational ν the image is dense.
In fact since the domain is compact, the map is surjective. It follows that the map
is a homeomorphism, since the domain is compact and the image is Hausdorff. This
completes the proof of Theorem 3.3.
In this paper we do not deal with wall-crossing, that is, the change in the topology of
M(X ; x;µ) as the markings µ vary, see [15, 52] for the vector bundle case.
4. Existence of parabolic bundles on the projective line
We now turn to the question of which moduli spaces of parabolic bundles are non-
empty. We continue to identify the space of connections A(X) onX×K with the space of
holomorphic structures on X×G. Let A(X ; x) denote the set of holomorphic structures
together with parabolic reductions at the marked points x1, . . . , xb, and let A(X ; x;µ)
ss
be the subset corresponding to parabolic semistable bundles with markings µ1, . . . , µb.
The moduli space MG(X ; x;µ) is the quotient of the A(X ; x;µ)
ss by grade equivalence.
Let f : A(X ; x) → A(X) denote the map forgetting the reductions. A(X ; x;µ)ss
is dense, if non-empty, in A(X ; x). For the case without markings, this follows from
Ramanathan’s [44, 5.8] or properties of the Shatz stratification [3]. The general case
follows from the equivalence with equivariant bundles. Indeed, the equivalence shows
that for any finite-dimensional complex submanifold S ⊂ A(X ; x;µ), Sss is open and
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dense in S. Any two points A1, A2 of A(X ; x;µ) are contained in some S. By taking
A1 ∈ A(X ; x;µ)
ss, one sees that A2 ∈ Sss ⊂ A(X ; x;µ)ss.
Lemma 4.1. For any markings µ1, . . . , µb, the moduli space MG(X ; x;µ) is non-empty
if and only if the general element of MG(X ; x;µ) has a representative whose underlying
principal bundle is ordinary semistable.
Proof. The intersection of a dense set with an open dense set is dense, henceA(X ; x;µ)ss∩
π−1(A(X)ss) is open and dense in A(X ; x;µ)ss. Since the image of a dense set under a
surjective map is dense, the image of A(X ; x;µ)ss∩π−1(A(X)ss) is dense inMG(X ; x;µ).

We warn the reader that it is not true that the grade bundle of a general element in the
moduli space MG(X ; x;µ) (that is, the holomorphic bundle corresponding to a general
element in RK(X ;µ)) is ordinary semistable. For example, let X = P
1, G = SL(2), and
µ = (µ1, µ2, µ3) with µ1+µ2+µ3 = 1. Let E = P
1×C be the trivial bundle with general
parabolic reductions at x1, x2, x3. Since there is a line through three general points in P
1,
E admits a parabolic reduction with ordinary degree 1 and parabolic degree 0. Hence
Gr(E) has underlying bundle O(1)⊕O(−1), which is unstable. The moduli space in this
case is a single point, with unitary representative Gr(E) which is not ordinary semistable.
Nevertheless, a general element of A(X ; x)ss is ordinary semistable.
Proposition 4.2. (a) If X has genus g > 0, then MG(X ; x;µ) is non-empty.
(b) If X has genus g = 0, then MG(X ; x;µ) is non-empty if and only if the trivial
bundle E = X×G with general parabolic structures at the marked points x1, . . . , xb
is parabolic semistable.
Proof. (a) follows from the holonomy description (5) and surjectivity of the commutator
map K × K → K [24]. (b) By Lemma 4.1, MG(X ; x;µ) is non-empty if and only
if a semistable bundle E with general parabolic structures ϕi is parabolic semistable.
By the Birkhoff-Grothendieck theorem [25] any principle G-bundle admits a reduction
of the structure group to TC. Since G is simple, c1(E) = 0. A principal TC-bundle E
with c1(E) = 0 is semistable if and only if E is isomorphic to the trivial bundle, which
completes the proof. 
The trivial bundle X × G with parabolic structures (ϕi, µi) is parabolic stable (resp.
semistable) if and only if
(13)
b∑
i=1
(wiωP , µi) < d (resp. ≤ d )
for all maximal parabolics P and ([w1], . . . , [wb]) ∈ Wi\W/WP such that there exists a
reduction σ : X → G/P with deg(σ∗E(ωP )) = d with σ(xi) in position wi relative to ϕi
for each i = 1, . . . , b.
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Remark 4.3. If (µ1, . . . , µb) is sufficiently close to zero, then MG(X ; x;µ) is isomorphic
to the geometric invariant theory quotient (G/B)b//G. More precisely, if
b∑
i=1
(wiωP , µi) < 1
for any maximal parabolic P and any (w1, . . . , wb), then any reduction σ : X → E/P
with deg σ∗E(ωP ) > 0 violates semistability. Therefore, in this caseMG(X ; x;µ) consists
entirely of parabolic bundles whose underlying bundle (forgetting the parabolic struc-
ture) is trivial. Restricting the condition (13) to constant reductions σ gives precisely
the stability condition for an element of (G/B)b [8]. A symplectic argument for this fact
is given in Jeffrey [31].
Since ∆b is a polytope of maximal dimension, it suffices to consider the case that
µ1, . . . , µb are rational and lie in the interior of A. In this case, Pi = B for all xi.
Suppose ϕi = giB for some g1, . . . , gb ∈ G. The element σ(xi) ∈ G/P lies in position wi
relative to ϕi ∈ G/B only if σ(xi) lies in the Schubert cell giCwi. Therefore,
Proposition 4.4. The polytope ∆b is the set of points (µ1, . . . , µb) ∈ A
b satisfying
b∑
i=1
(wiωP , µi) ≤ d
for all maximal parabolics P and (w1, . . . , wb) ∈ (W/WP )
b such that there exists a holo-
morphic curve σ : P1 → G/P with σ(xi) ∈ giCwi, for general gi ∈ G.
We call an inequality (13) essential if it actually defines a facet (codimension one face)
of ∆b. It remains to show that the essential inequalities are those corresponding to the
structure coefficients nd(w1, . . . , wb) = 1. The argument is the same as that of Belkale
[7] in the vector bundle case. Let (P ;w1, . . . , wb; d) define an essential inequality, and let
(µ1, . . . , µb) ∈ A
b be a point which violates that inequality, and no others. Let E be a
trivial G-bundle over P1, with general parabolic structures ϕi and markings µi. Since E
is unstable, the canonical parabolic reduction σE is non-trivial, and defines an inequality
which is violated by (µ1, . . . , µb). Since only one inequality is violated, σE must be a
reduction to a maximal parabolic, and the corresponding inequality must be given by
the data (P ;w1, . . . , wb; d). The slope of σE is −d+
∑b
i=1(wiωP , µi). Since the canonical
reduction is the unique reduction of this slope, we must have nd(w1, . . . , wb) = 1. This
completes the proof of Theorem 1.1.
5. The inequalities for type G2
We compute the small quantum cohomology for the generalized flag varieties G/P
with G of type G2 and P maximal, using a variation on the quantum Chevalley formula
of D. Peterson [42, 22].
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5.1. The quantum Chevalley formula. Let c1(G/P ) ∈ H
2(G/P ) ∼= Z be the first
Chern class of G/P . For any root β, let hβ denote the corresponding co-root. Let α
denote unique simple root, non-vanishing on ωP .
Theorem 5.1. For any u ∈ W/WP with minimal length representative u˜,
[Y sα] ⋆ [Y u] =
∑
(hβ, ωP )[Y
[u˜sβ ]] +
∑
(hβ, ωP )q
(hβ ,ωP )[Y [u˜sβ ]]
where the first sum is over positive roots β with lP ([u˜sβ]) = lP (u) + 1 and the second is
over positive roots β with lP ([u˜sβ ]) = lP (u) + 1− c1(G/P )(hβ, ωP ).
5.2. Small quantum cohomology for G2/P , P maximal. Let G be the group of
type G2, with simple roots α1, α2 and positive roots
β1 = α1, β2 = α2, β3 = α1 + α2, β4 = 3α1 + α2, β5 = 2α1 + α2, β6 = 3α1 + α2.
The highest root is β4. We fix the inner product on t
∗ so that (β4, β4) = 2 and use it
to identify t with t∗. The fundamental weights are ω1 = β5, ω2 = β4. The coroots and
their pairings with the fundamental weights are
hβ hβ(ω1) hβ(ω2)
hβ1 = 3α1 1 0
hβ2 = α2 0 1
hβ3 = 3α1 + 3α2 1 3
hβ4 = 3α1 + 2α2 1 2
hβ5 = 6α1 + 3α2 2 3
hβ6 = 3α1 + α2 1 1
Let P1, P2 denote the corresponding maximal parabolics, so that the generalized flag
varieties G/Pj, j = 1, 2 have dimension 10. The Weyl groups WP1 ,WP2 are isomorphic
to Z2. Therefore, the rational cohomology of G/Pi is generated by a single generator y1
in degree 2, with the single relation y61 = 0. The first Chern classes in H
2(G/Pi) ∼= Z are
c1(G/P1) = 5, c1(G/P2) = 3.
We denote by yi ∈ H10−2i(G/P ) the unique Schubert class of codegree 2i, with y0 = 1.
The multiplication tables are given below. The second row in the table is given by
Peterson’s formula. Since the cohomology is generated by H2, the remaining rows in the
table may be computed recursively from the previous rows.
QH∗(G/P1) 1 y1 y2 y3 y4 y5
1 1 y1 y2 y3 y4 y5
y1 y2 2y3 y4 y5 + q qy1
y2 2y4 y5 + q 2qy1 qy2
y3 qy1 qy2 qy3
y4 2qy3 qy4
y5 q
2
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QH∗(G/P2) 1 y1 y2 y3 y4 y5
1 1 y1 y2 y3 y4 y5
y1 3y2 2y3 + q 3y4 + qy1 y5 + qy2 qy3 + 2q
2
y2 2y4 + qy1 y5 + 2qy2 qy3 + q
2 qy4 + q
2y1
y3 2qy3 + 2q
2 qy4 + q
2y1 2q
2y2
y4 q
2y2 q
2y3
y5 2q
2y4
From the second row of the tables one may also compute the presentation of the
quantum cohomology rings, in terms of the generator y = y1. First, one obtains the
following Giambelli-type expressions for the Schubert classes. In QH∗(G/P1), we have
y2 = y
2
1, y3 = y
3
1/2, y4 = y
4
1/2, y5 = y
5
1/2− q
and in QH∗(G/P2)
y2 = y
2
1/3, y3 = (y
3
1 − 3q)/6, y4 = (y
4
1 − 9qy1)/18, y5 = (y
5
1 − 15qy
2
1)/18.
From the last entry in the first row in the tables one obtains
Proposition 5.2. QH∗(G/P1) is generated by a single generator y of degree 2, with
relation y61 = 4qy1. QH
∗(G/P2) is generated by a single generator y of degree 2, with
relation y61 = 18qy
3
1 + 9q
2.
In particular, both of these rings are semisimple at q = 1, since the relations have no
multiple roots. Neither the classical integral or quantum rational cohomology of G/P1
and G/P2 is the same as that of complex projective space CP
5, although the classical
rational cohomology is the same.
5.3. The inequalities. From the tables, one may read off 33 classical and 40 quan-
tum inequalities. Some of the quantum inequalities do not define facets; it would
be interesting to determine which ones. For example, the last entry in the table for
G/P1 gives the inequality (ω1, µ1 + µ2 + µ3) ≤ 2 which does not define a facet since
(µ, ω1) ≤ (ω1, ω1) = 2/3 for any µ ∈ A.
References
[1] S. Agnihotri and C. Woodward. Eigenvalues of products of unitary matrices and quantum Schubert
calculus. Math. Res. Lett., 5(6):817–836, 1998.
[2] A. Alekseev, A. Malkin, and E. Meinrenken. Lie group valued moment maps. J. Differential Geom.,
48(3):445–495, 1998.
[3] M. F. Atiyah and R. Bott. The Yang-Mills equations over Riemann surfaces. Phil. Trans. Roy. Soc.
London Ser. A, 308:523–615, 1982.
[4] Vikraman Balaji, Indranil Biswas, and Donihakkalu S. Nagaraj. Principal bundles over projective
manifolds with parabolic structure over a divisor. Tohoku Math. J. (2), 53(3):337–367, 2001.
[5] A. Beauville and Y. Laszlo. Un lemme de descente. C. R. Acad. Sci. Paris Se´r. I Math., 320(3):335–
340, 1995.
PARABOLIC BUNDLES AND PRODUCTS OF CONJUGACY CLASSES 27
[6] A. Beauville, Y. Laszlo, and Ch. Sorger. The Picard group of the moduli of G-bundles on a curve.
Compositio Math., to appear.
[7] Prakash Belkale. Local systems on P1− S for S a finite set. Compositio Math., 129(1):67–86, 2001.
[8] A. Berenstein and R. Sjamaar. Coadjoint orbits, moment polytopes, and the Hilbert-Mumford
criterion. J. Amer. Math. Soc., 13(2):433–466 (electronic), 2000.
[9] U. Bhosle and A. Ramanathan. Moduli of parabolicG-bundles on curves.Math. Z., 202(2):161–180,
1989.
[10] I. Biswas. Parabolic bundles as orbifold bundles. Duke Math. J., 88(2):305–325, 1997.
[11] I. Biswas. A criterion for the existence of a parabolic stable bundle of rank two over the projective
line. Internat. J. Math., 9(5):523–533, 1998.
[12] H. Boden. Representations of orbifold groups and parabolic bundles. Comment. Math. Helvetici,
66:389–447, 1991.
[13] G. D. Daskalopoulos. The topology of the space of stable bundles on a compact Riemann surface.
J. Differential Geom., 36(3):699–746, 1992.
[14] Georgios D. Daskalopoulos and Richard A. Wentworth. The Yang-Mills flow near the boundary of
Teichmu¨ller space. Math. Ann., 318(1):1–42, 2000.
[15] Igor V. Dolgachev and Yi Hu. Variation of geometric invariant theory quotients. Inst. Hautes E´tudes
Sci. Publ. Math., (87):5–56, 1998. With an appendix by Nicolas Ressayre.
[16] S. K. Donaldson and P. Kronheimer. The geometry of four-manifolds. Oxford Mathematical Mono-
graphs. Oxford University Press, New York, 1990.
[17] V. G. Drinfeld and C. Simpson. B-structures on G-bundles and local triviality. Math. Res. Lett.,
2(6):823–829, 1995.
[18] A. L. Edmonds, R. S. Kulkarni, and R. E. Stong. Realizability of branched coverings of surfaces.
Trans. Amer. Math. Soc., 282(2):773–790, 1984.
[19] Michael Entov. K-area, Hofer metric and geometry of conjugacy classes in Lie groups. Invent.
Math., 146(1):93–141, 2001.
[20] G. Faltings. Stable G-bundles and projective connections. J. Algebraic Geom., 2(3):507–568, 1993.
[21] W. Fulton and R. Pandharipande. Notes on stable maps and quantum cohomology. In Algebraic
geometry—Santa Cruz 1995, pages 45–96. Amer. Math. Soc., Providence, RI, 1997.
[22] W. Fulton and C. Woodward. Quantum products of Schubert classes. 2001 preprint.
[23] M. Furuta and B. Steer. Seifert fibred homology 3-spheres and the Yang-Mills equations on Riemann
surfaces with marked points. Adv. Math., 96(1):38–102, 1992.
[24] M. Gotoˆ. A theorem on compact semi-simple groups. J. Math. Soc. Japan, 1:270–272, 1949.
[25] A. Grothendieck. Sur la classification des fibre´s holomorphes sur la sphe`re de Riemann. Amer. J.
Math., 79:121–138, 1957.
[26] A. Grothendieck. E´le´ments de ge´ome´trie alge´brique. II. E´tude globale e´le´mentaire de quelques
classes de morphismes. Inst. Hautes E´tudes Sci. Publ. Math., (8):222, 1961.
[27] A. Grothendieck. E´le´ments de ge´ome´trie alge´brique. III. E´tude cohomologique des faisceaux
cohe´rents. I. Inst. Hautes E´tudes Sci. Publ. Math., (11):167, 1961.
[28] R. Hartshorne. Algebraic Geometry, volume 52 of Graduate Texts in Mathematics. Springer-Verlag,
Berlin-Heidelberg-New York, 1977.
[29] P. Heinzner and F. Kutzschebauch. An equivariant version of Grauert’s Oka principle. Invent.
Math., 119(2):317–346, 1995.
[30] D. Huybrechts and M. Lehn. Stable pairs on curves and surfaces. J. Algebraic Geom., 4(1):67–104,
1995.
[31] L. C. Jeffrey. Extended moduli spaces of flat connections on Riemann surfaces.Math. Ann., 298:667–
692, 1994.
28 C. TELEMAN AND C. WOODWARD
[32] Alexander A. Klyachko. Stable bundles, representation theory and Hermitian operators. Selecta
Math. (N.S.), 4(3):419–445, 1998.
[33] A. Knutson and T. Tao. The honeycomb model of gl
n
(c) tensor products. I. Proof of the saturation
conjecture. J. Amer. Math. Soc., 12(4):1055–1090, 1999.
[34] A. Knutson, T. Tao, and C. Woodward. Honeycombs II: Facets of the Littlewood-Richardson cone.
To appear in Jour. Am. Math. Soc.
[35] Y. Laszlo and C. Sorger. The line bundles on the moduli of parabolic G-bundles over curves and
their sections. Ann. Sci. E´cole Norm. Sup. (4), 30(4):499–525, 1997.
[36] V.B. Mehta and C.S. Seshadri. Moduli of vector bundles on curves with parabolic structure. Math.
Ann., 248:205–239, 1980.
[37] E. Meinrenken and C. Woodward. Hamiltonian loop group actions and Verlinde factorization.
Journal of Differential Geometry, 50:417–470, 1999.
[38] J. Millson and B. Leeb. Convex functions on symmetric spaces and geometric invariant theory for
spaces of weighted configurations on flag manifolds, 2000. Preprint.
[39] David Mumford. The red book of varieties and schemes, volume 1358 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin, expanded edition, 1999. Includes the Michigan lectures (1974) on
curves and their Jacobians, With contributions by Enrico Arbarello.
[40] P. E. Newstead. Introduction to moduli problems and orbit spaces, volume 51 of Tata Institute
of Fundamental Research Lectures on Mathematics and Physics. Tata Institute of Fundamental
Research, Bombay, 1978.
[41] C. Pauly. Espaces de modules de fibre`s paraboliques et blocs conformes. Duke Math. J., 84:217–235,
1996.
[42] D. Peterson. Lectures on quantum cohomology of G/P. M.I.T., 1997.
[43] Johan R˚ade. On the Yang-Mills heat equation in two and three dimensions. J. Reine Angew. Math.,
431:123–163, 1992.
[44] A. Ramanathan. Moduli for principal bundles over algebraic curves. I. Proc. Indian Acad. Sci.
Math. Sci., 106(3):301–328, 1996.
[45] A. Ramanathan. Moduli for principal bundles over algebraic curves. II. Proc. Indian Acad. Sci.
Math. Sci., 106(4):421–449, 1996.
[46] J.-P. Serre. Cohomologie galoisienne. Springer-Verlag, Berlin, fifth edition, 1994.
[47] C. S. Seshadri. Fibre´s vectoriels sur les courbes alge´briques, volume 96 of Aste´risque. Socie´te´
Mathe´matique de France, Paris, 1982. Notes written by J.-M. Drezet from a course at the E´cole
Normale Supe´rieure, June 1980.
[48] C. T. Simpson. Harmonic bundles on noncompact curves. J. Amer. Math. Soc., 3(3):713–770, 1990.
[49] Peter Slodowy. Two notes on a finiteness problem in the representation theory of finite groups.
In Algebraic groups and Lie groups, volume 9 of Austral. Math. Soc. Lect. Ser., pages 331–348.
Cambridge Univ. Press, Cambridge, 1997. With an appendix by G.-Martin Cram.
[50] C. Teleman. Borel-Weil-Bott theory on the moduli stack of G-bundles over a curve. Invent. Math.,
134(1):1–57, 1998.
[51] C. Teleman. The quantization conjecture revisited. Ann. of Math. (2), 152(1):1–43, 2000.
[52] Michael Thaddeus. Geometric invariant theory and flips. J. Amer. Math. Soc., 9(3):691–723, 1996.
[53] Andre´ Weil. Remarks on the cohomology of groups. Ann. of Math. (2), 80:149–157, 1964.
[54] C. Woodward. On D. Peterson’s comparison formula for Gromov-Witten invariants of G/P .
math.AG/0206073.
PARABOLIC BUNDLES AND PRODUCTS OF CONJUGACY CLASSES 29
DPMMS, CMS, Wilberforce Road, Cambridge, CB3 0WB, UK
E-mail address : teleman@dpmms.camac.uk
Mathematics-Hill Center, Rutgers University, 110 Frelinghuysen Road, Piscataway
NJ 08854-8019, USA
E-mail address : ctw@math.rutgers.edu
